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Abstract
We construct effective hydrodynamics for composite particles in (2+1) dimensions carrying
a magnetic flux by employing a holographic approach. The hydrodynamics is obtained by
perturbation of the dyonic black brane solutions in the derivative expansion. We introduce a
consistent way to avoid mixing of different orders in the expansion. Thanks to this method,
it is possible to take the strong external magnetic field limit in the dual field theory. To
compare our result with those for a composite particle system, we study several cases that
correspond to special solutions of Einstein’s equation and Maxwell’s equations.
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1 Introduction
The Anti-de Sitter/Conformal field theory(AdS/CFT) correspondence tells us that strongly-
coupled CFT’s can be described by supergravity or string theory in higher-dimensional
AdS space Ref. [1]. This nontrivial relation provides many possible techniques to study
strongly coupled field theories, which are very difficult to investigate using conventional field
theory methods. For this reason, the AdS/CFT relation has been applied to diverse topics:
for instance supersymmetric quiver gauge theories, quantum chromodynamics, condensed
matter theory etc. In such cases, the AdS/CFT may easily tackle the region of strong
coupling, high density or finite temperature. In this work, we use AdS/CFT to consider
another interesting region, the strong magnetic field limit.
When an external magnetic field is applied to an electron system in 2+1 dimensions, the
spectrum is given by the Landau levels. Including interactions between the electrons, one
naturally expects the quantum Hall effect in the system. Although it is a very non-trivial
quantum mechanical phenomenon, a nice tool has been proposed to figure out the effect. The
tool is a quasi-particle excitation around the nontrivial vacuum. The appearance of quasi-
particles such as phonons, magnons, and Cooper pair is commonplace in condensed matter
physics. For the physics under a strong magnetic field the appropriate quasi-particle is the
composite fermion, which we find to be more advantageous for describing the dynamics. This
composite fermion is a very useful concept to study to quantum Hall system in particular,
just as Cooper pairs for describing the mechanism of superconductors Ref. [2]. A nice
review on composite fermions can be found in Ref. [3]. See e.g. Ref. [4] for a more thorough
exposition.
When the filling fraction ν˜ = 1/2p is smaller than 1 [5], all the electrons occupy the
lowest Landau level, and it is the energy level that describes most of the system. Also,
the mixing with other levels can be ignored in a sufficiently strong magnetic field. As we
describe the system using the Landau level, the kinetic energy is a mere constant. This
means that the only relevant part of the Hamiltonian is the interaction energy between
electrons. In order to understand the system, one should diagonalize the Hamiltonian,
which, in general, is not easy. To make matter worse, because the only scale in the problem
is given by the interaction energy, a perturbative analysis is not available. However, there is
an interesting proposal that can help us understand the system. It has been known for some
time that some wave-functions conjectured with the help of experimental data describe the
system very well. They have a common factor, which implies a situation in which every
electron sees vortices at positions occupied by other electrons. This tells us that the effective
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particle of the system is the composite fermion, which is a bound state of an electron and
“even”(= 2p) quantum vortices.
Intuitively, this idea provides a nice way to understand the physics under a strong
magnetic field. Near the half-filling case, the vortices contained in each electron cancel out
the external field, and the resulting magnetic field must be absent or very small. In this
case, we may treat the system as a collection of composite fermions with a small external
magnetic field and not in terms of Landau levels, which behave as the composite-fermion’s
Fermi sea [2]. Following this reasoning, the particles contain not only electric charge but also
magnetic flux. This additional ingredient should manifest itself when we calculate physical
quantities. In this paper, we show the effect in the current and the energy-momentum tensor
of hydrodynamics through a holographic approach.
This point of view has already been exploited in the holographic approach in Ref. [6],
where the authors identified a composite fermion system with a dyonic black brane in (3+1)
dimensional anti-de Sitter spacetime. Some basic quantum properties on both sides of the
duality are studied. The magnetic charge of the black brane is assumed to be proportional
to its electric charge, and the ratio between them is given by the filling fraction ν˜. This is
the starting point for our gravity dual.
On the other hand, another important ingredient of this paper is the fluid/gravity cor-
respondence, which was suggested in Ref. [7]. The authors derived the boundary rela-
tivistic hydrodynamics from the bulk Einstein’s equations with a negative cosmological
constant [8]. There have been many generalizations of this work to different dimensions,
different black holes, different boundary conditions and different models including higher
curvature terms [9–18]. For the problem of our interest here, a quantum Hall fluid, we need
to consider the dyonic black holes as in Ref. [6]. One is naturally led to expect that the
dyonic black hole could be dual to the magnetohydrodynamics. This duality relation has
been considered in Ref. [19–27].
For the study of holographic hydrodynamics, we start with the Einstein-Maxwell action
with a negative cosmological constant in 3+ 1 dimensions. Using the AdS/CFT dictionary,
the dyonic black brane solution describes a finite-temperature conformal field theory with fi-
nite a charge density in an external magnetic field. Macroscopic thermodynamic quantities,
such as temperature (Hawking temperature), charge density (electric charge) and magnetic
field (magnetic charge), appear as the parameters of the black brane. We also consider a
boost parameter ~β and the thermodynamic quantities as functions of the boundary coordi-
nates. Performing the derivative expansion order by order, one can find a new fluctuating
black-brane solution. We consider only the leading order result here and construct the
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boundary energy momentum tensor and current when an external magnetic field is present.
The expression contains the transport coefficients of the fluid. In addition to these boundary
tensors, the bulk Einstein’s equation and Maxwell’s equation provide additional constraints
on the tensors. These equations play the roles of the relativistic Navier-Stokes equations at
the boundary. When they are combined, our result describes the magnetohydrodynamics
in (2+1)-dimensional spacetime.
Adopting the approach of the fluid/gravity correspondence for dyonic black branes, one
should be careful of a perturbation in the magnetic field. Because the interpretation of
the magnetic field is an external field in dual field theory, one cannot perturb it without
a physically-plausible reason. In our case, we do noy want to introduce further dynamical
degrees of freedom, so the magnetic part should be kept as the original constant field. In
other words, the boosted magnetic field is written in terms of a constant velocity field and
a constant magnetic charge, and these should be replaced by functions of the boundary
coordinates in the next step of the fluid/gravity approach. It seems that the external field
is taken as a dynamical field. To avoid this situation, we add a field δFµν ,which is given by
the difference between the original constant field and the fluctuation field. In conclusion,
we do not touch the external field in the dual field theory, so our computation is safe from
the inconsistent situation.
In addition, there is another technical problem. We may choose a gauge for the magnetic
field, where the gauge potential is linear in the boundary coordinate, xµ, for example,
Amagneticµ ∼ H¯ǫµνλxµu¯λ. Following the method of the fluild/gravity correspondence, one can
easily see that the xµ can cause some trouble for the expansion. It causes mixing of different
derivative orders and makes the magnetic field linear in the boundary coordinate. Thus,
it is difficult to deal with a strong magnetic field. This is one of the reasons most works
using the fluid/gravity approach concentrate on the weak-magnetic-field case. We try to
avoid this problem by taking into account the field strength instead of the gauge potential;
then, some part of field strength has a constraint looks like a conservation equation. This,
however, does not mean the external field is dynamical in the boundary field theory because
the total field strength is still constant. Thus, the constraint is nothing but an identity,
dFext = 0. We will discuss this in more detail.
Following this method, we obtained the general solution that is consistent with the
derivative expansion and the zeroth-order(strong) magnetic field. This bulk solution is dual
to the magentohydrodynamics. As in Ref. [6], we substituted Q(x)/ν˜ for the magnetic field
H(x); then, we provided the transport coefficients which depend on the filling fraction. In
this case, the result resembles the magnetohydrodynamics with a first-order (weak) external
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field. We point out that this effective description is holographic dual to the transformation
from the particle system in a strong magnetic field to the composite particle system in a
weak magnetic field. In addition, we consider an example in which the effective external
magnetic field vanishes.
This paper is organized as follows. In Section II, we discuss the derivation of hydrody-
namics from the derivative expansion of Einstein’s equation. In Section III, the first-order
solution is investigated for various cases. Then, we discuss the composite-particle case in
Section 4 We summarize our result and conclude in Section 5
2 General structure of the metric and the field strength
Our goal is to study a strongly coupled (2+1)-dimensional CFT system with a charge density
in a strong magnetic field. Thus, we introduce a model which has a Maxwell’s field and
Einstein-Hilbert action with a negative cosmological constant as follows:
S =
1
16πG
∫
M
d4x
√−g
(
R +
6
l2
)
+
1
8πG
∫
∂M
d3x
√−γΘ
− 1
4g2c
∫
M
d4x
√−gF2 + IC , (2.1)
where Θ is the trace of the extrinsic curvature, the so called Gibbons-Hawking term, and
IC is a counter term, which cancels the divergence of the action. We can write down the
expression for our configuration explicitly as follows.
IC =
1
8πG
∫
∂M
d3x
2
l
√−γ
(
1 +
l2
4
R(γµν)
)
, (2.2)
where γµν is the induced metric which is defined in Eq. (A.2). These counter terms were
introduced in Ref. [28, 29], and the general results with matter fields can be found in Ref.
[30–32]. From the above action, one can write the equations of motion as follows.
RIJ − 1
2
gIJR − 3
l2
gIJ − 16πG
2g2c
(FKIFKJ − 1
4
gIJF2)
= 0, (2.3)
∇JFJ I = 0 . (2.4)
For convenience’s sake, we define the functions related to the equations of motion:
WIJ ≡ RIJ + 3
l2
gIJ − 16πG
2g2
(FKIFKJ − 1
4
gIJF2), (2.5)
WI ≡ ∇JFJ I . (2.6)
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Thus, we may express the equations of motion as WI = 0 and WIJ = 0.
Now, we would like to introduce an external magnetic field in the (2+1)-dimensional
system. For this, it is natural to consider the dyonic black-brane solution in the AdS space
as a gravity dual. The dyonic uniform black-brane solution solving the equations of motion
is as follows:
ds2 = −r2f(r)dv2 + 2dvdr + r2(dx21 + dx22), (2.7)
f(r) = (1− M¯
r3
+
Q¯2 + H¯2
4r4
),
F = − Q¯
r2
dr ∧ dv + H¯dx1 ∧ dx2 ,
A =
Q¯
r
dv +
(∫ x
dx′
i
ǫij
H¯
2
)
dxj,
where i indices are running in (x1, x2). We have rescaled FIJ by 16πGg2c and took l = 1.
The metric function f(r) has two zeros, the outer horizon and the inner horizon which are
denoted by r+ and r−, respectively [33]. Following the approach in Ref. [7], we consider a
boosted solution:
ds2 = −r2f(r)(u¯µdxµ)2 − 2u¯µdxµdr
+r2Pµνdx
µdxν , (2.8)
F = − Q¯
r2
u¯µdx
µ ∧ dr − 1
2
H¯u¯λǫλµνdx
µ ∧ dxν ,
u¯0 =
1√
1− β¯2i
, u¯i =
β¯i√
1− β¯2i
, Pµν = ηµν + u¯µu¯ν,
where we chose the orientation ǫ012 = 1 and u¯µ is a timelike vector from the boost parameter
~¯β. In Ref. [6], the authors considered H¯ = Q¯/ν˜ as a holographic dual of a composite fermion
system. We will discuss that case later on.
As a next step, we perturb this solution while keeping the macroscopic thermodynamic
structure in the dual field theory, so we regard the mass M¯ , the electric charge Q¯, the
magnetic charge H¯ and the boost parameter ~¯β as functions of the boundary coordinate xµ,
which are denoted by M(x), Q(x), H(x) and ~β(x), respectively. In the dual field theory,
they are interpreted as the energy, charge density, external magnetic field and fluid velocity,
respectively. For the field strength, except for the magnetic part, one may choose the gauge
field ansatz −Q(x)
r
uµ(x)dx
µ , which produces the same field strength when all functions are
constant. It is, however, not easy to find a regular gauge field ansatz for the magnetic
part. Accordingly, we had better deal with field strength instead of the gauge field for the
magnetic part. One way is to consider Fmag = −12H(x)uλ(x)ǫλµνdxµ ∧ dxν as the magnetic
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part by imposing dFmag = 0. This setup is equivalent to taking the field strength and the
metric as follows:
ds2 = −r2f(r)(uµdxµ)2 − 2uµdxµdr
+r2Pµν(x)dx
µdxν , (2.9)
F˜ = −Q
r2
uµdx
µ ∧ dr − ∂µ(Quν)
r
dxµ ∧ dxν
−1
2
Huλǫλµνdx
µ ∧ dxν , (2.10)
where H(x)uµ(x) satisfies ∂µ (Hu
µ) = 0 due to the Bianchi identity. For constant Q,H and
uµ, the field strength becomes the previous solution in Eq. (2.8). As we explained in the
introduction, we considered this field strength with a constraint instead of a gauge field like
Aµ = −H¯u¯λǫλµνxν , which produced a singular field strength after H¯ and u¯µ with H(x) and
uµ(x).
However, this ansatz causes another problem. Unlike uµ(x), the magnetic flux H(x) is
not a dynamical field. Therefore, we need to compensate for the variation of H(x) by using
an additional field that does not appear in the zeroth order. We denote such a field as δFµν ,
which is defined by
δFµν(x) ≡ ∂µδAν(x)− ∂νδAµ(x)
= −1
2
H¯u¯λǫλµν +
1
2
H(x)uλ(x)ǫλµν . (2.11)
If this is added to Eq. (2.10), our starting field strength becomes
F = −Q
r2
uµdx
µ ∧ dr − ∂µ(Quν)
r
dxµ ∧ dxν
− 1
2
Huλǫλµνdx
µ ∧ dxν + 1
2
δFµνdx
µ ∧ dxν , (2.12)
where the sum of the last two terms is nothing but the original constant magnetic field; thus,
we clearly do not perturb the magnetic part and do not introduce any further dynamical
degrees of freedom. The advantage of this compensation is that we may consider a strong
magnetic field that is consistent with the derivative expansion.
Now, we are ready for another important step of Ref. [7]. Because the parameters
are not constant, the metric in Eq.(2.9) and the field strength in Eq.(2.12) do not satisfy
the equations of motion anymore. Accordingly, WIJ and WI are not equal to zero, but are
proportional to the derivatives of these functions. We call them the source terms and denote
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them by −S(1)I and −S(1)IJ . To obtain the first-order solution, we may add first-order terms
to the metric and the gauge field with following ansatz [34]:
ds(n)
2
=
k(n)(r)
r
dv2 + 2h(n)(r)dvdr + 2r
2ji(n)(r)dvdx
i
+r2(α
(n)
ij − h(n)(r)δij)dxidxj,
A(n) = a(n)v (r)dv + a
(n)
i (r)dx
i, (2.13)
where we used (n) instead of (1) for general order, because this ansatz is also available in for
higher orders. Plugging the above terms intoWIJ andWI , one can get additional terms. We
call them “correction terms”, which are denoted by C
(1)
IJ and C
(1)
I . Using the source terms
and the correction terms, the first-order Einstein’s equation and the Maxwell’s equation can
be expressed in a simple form as S
(1)
IJ = C
(1)
IJ and S
(1)
I = C
(1)
I .
In general, if we know the (n− 1)th order solution, then we can easily evaluate S(n)IJ and
S
(n)
I , C
(n)
IJ and C
(n)
I [35]. Therefore, the nth-order equations of motion are given by
W
(n)
IJ = C
(n)
IJ − S(n)IJ = 0, (2.14)
W
(n)
I = C
(n)
I − S(n)I = 0, (2.15)
where the equations are differential equations. The unknown functions in Eq.(2.13) can
be obtained by solving the above equations. Not all of the correction terms, however, are
independent. For example, C
(n)
v and C
(n)
r are the same up to some factor. The relation
among such components is given by
C(n)v + r
2f(r)C(n)r = 0, (2.16)
C(n)vv + r
2f(r)C(n)vr = 0, (2.17){
r2
(
r2f(r)C
(n)
ri + C
(n)
vi
)}′
+
H
2g
ǫijC
(n)
j = 0. (2.18)
The above identities restrict the source terms as follows:
(
S(n)v + r
2f(r)S(n)r
)
= 0, (2.19)(
S(n)vv + r
2f(r)S(n)vr
)
= 0, (2.20)
r4f(r)S
(n)
ri (r) + r
2S
(n)
vi (r) +
∫ r
r+
H
2
ǫijS
(n)
j (r
′)dr′
=
H
2
(Qǫik +Hδik)j
(n)
k (r+). (2.21)
These constraint equations provide the hydrodynamics equations (the relativistic Navier-
Stokes equations).
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3 First-order hydrodynamics from gravity
Let us compute the first-order solution explicitly. In fact, the computation is performed
in a suitable frame where the ~β(0) vanishes at the origin. After all the computation in
this frame, one can easily recover the corresponding covariant form. This clever method
was suggested in Ref. [7] for the first time. To see the details of the computation, we
recommend visiting Appendix A.1. Using the zeroth-order solution in Eq. (2.9) and (2.12)
and derivative expansion, one can find the first-order source terms as listed in Appendix
A.1.1. Putting these source terms into the constraint in Eq. (2.19) gives
∂vQ+Q∂iβi = 0. (3.22)
Changing this equation to a covariant form, we obtain a conservation equation for the
current:
∂µ(Qu
µ) = 0. (3.23)
Next, the constraint in Eq. (2.20) gives
(2∂vM + 3M∂iβi)− 4
r
[H(∂vH +H∂iβi)
+Q(∂vQ +Q∂iβi)] = 0. (3.24)
Because M ,H and βi depend on only the boundary coordinates x
µ, this is equivalent to
H(∂vH +H∂iβi) +Q(∂vQ+Q∂iβi) = 0, (3.25)
2∂vM + 3M∂iβi = 0. (3.26)
By Eq. (3.22), the first constraint in Eq. (3.25) is nothing but another equation ∂µ(Hu
µ) = 0,
which has already appeared as an assumption in the zeroth-order expression in Eq. (2.12).
Thus, this is not just an assumption but a result of the equation of motion. The last
constraint, in Eq. (2.21), is more complicated in form:
∂iM + 3M∂vβi = QδFvi −HǫijδFvj +Hǫij(Qδjk −Hǫjk)jk(r+)
−H
r+
ǫij [ǫjk∂kH − δjk∂kQ+ (Hǫjk −Qδjk) ∂vβk] . (3.27)
The covariant forms of Eqs. (3.26) and (3.27) give the equations for the magnetohydrody-
namics. We will discuss this soon.
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After the calculations in Appendix A.1.3, and up to undetermined integration constants
C3 and Di, the first-order solutions of Einstein’s equations and Maxwell’s equations can be
written. Firstly, the metric is given by
ds2 = −r2f(r)(uµdxµ)2 − 2uµdxµdr + r2Pµνdxµdxν + 2r2α(r)σµνdxµdxν
+(r∂νu
ν +
1
4r2
Huλǫ
λµνδFµν − C3 Q
2r2
)(uµdx
µ)2 − 2r2j(1)µ (r)uνdxνdxµ, (3.28)
where the definition of the traceless symmetric tensor σµν and j
(1)
µ are
σµν =
1
2
PµαPνβ
[
∂αuβ + ∂βuα − P αβ(∂ · u)] , (3.29)
j(1)µ (r) = f(r)
∫ r
∞
dx
1
x4f(x)2
{
−x2uν∂νuµ + Dµ + 1
x
[
2M2 + 8Mr3+ − 16r6+
3M
uν∂νuµ
+
M + 2r3+
3r+M
(QPµν −Huλǫλµν)(∂νQ + uαǫανβ∂βH)−
4r+(M − r3+)
3M
Dµ
]
− 1
2x2
[
(QPµν −Huλǫλµν)(∂νQ+ uαǫανβ∂βH) +
1
2
(Q2 +H2)uν∂νuµ
]}
.
(3.30)
Here, the α(r) is given in Appendix A.1.3, and Dµ is the covariant form of Di, so it satisfies
Dµu
µ = 0. The gauge field is obtained by integration. The solution is
Aµ = δAµ − Q
r
uµ − 1
2
(∫ x
Huλǫλνµdx
′ν
)
−
(
C3
r
− H
2r2
uλǫλαν∂
αuν
)
uµ
−(∂µQ+ uλǫλµν∂νH +Quλ∂λuµ +Huλǫλµνuα∂αuν)
∫ r
∞
dy
y2f(y)
(
1
r+
− 1
y
)
+(QPµν +Hu
λǫλµν)
∫ r
∞
dy
j(1)ν(y)− j(1)ν(r+)
y2f(y)
. (3.31)
Putting these result into Eqs. (A.99) and (A.101), we get the energy-momentum tensor and
the current in the boundary theory as follows.
Tµν = M(ηµν + 3uµuν) + Dµuν + Dνuµ − 2r2+σµν , (3.32)
Jµ = Quµ + C3u
µ + uλδF λ
µ +
1
3M
(QP µν +Huλǫλ
µν)Dν
− 1
3r+
(
1 +
2r3+
M
)(
P µν∂νQ+ u
λǫλ
µν∂νH
)
− 2
3r+
(
1 +
2r3+
M
)(
QP µν +Huλǫλ
µν
)
uσ∂σuν . (3.33)
Using these expressions, the constraints in Eq. (2.19), (2.20) and (2.21) can be written as
∂µJ
(0)µ = 0 , ∂µ (Hu
µ) = 0 (3.34)
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∂µT
(0)µν = J (1)µ (F
(0)
ext)
µν
+ J (0)µ (F
(1)
ext)
µν
,
where the current and the external field [36] are defined by
J (0)
µ
= Quµ , T (0)
µν
= M(ηµν + 3uµuν), (3.35)
F
(0)
ext = −
1
2
Huλǫλµνdx
µ ∧ dxν ,
F
(1)
ext =
1
2
δFµνdx
µ ∧ dxν . (3.36)
To first order, they are nothing but the magnetohydrodynamics equations with a Bianchi
identity for the external field,
∂µJ
µ = 0, dFext = 0,
∂µT
µν = JµF
µν
ext . (3.37)
3.1 Pure Electric Black Brane Case
If we consider the case without the magnetic field (H = 0) and take the Landau frame, the
C3 and the Di vanish. The current and the spacial component of the energy-momentum
conservation equation turn out to be
J0 = Q,
J i = (F
(1)
ext)vi −
1
3r+
(1 +
2r3+
M
) (∂iQ + 2Q∂vβi) , (3.38)
∂iM + 3M∂vβi = Q(F
(1)
ext)vi. (3.39)
From these two equations, one can easily find different expressions for the current which is
standard in hydrodynamics,
Jµ = Quµ + σ1
(
uν(F
(1)
ext)
νµ − TP µν∂ν µ
T
)
, (3.40)
where T and µ = Q
r+
are the temperature [37] and the chemical potential of the dual field
theory, respectively. The electric conductivity function σ1 is given by
σ1 =
(
12r4+ −Q2
3(4r4+ +Q
2)
)2
. (3.41)
The boundary energy momentum tensor and the hydrodynamics equations are given by
Tµν = M(ηµν + 3uµuν)− 2r2+σµν , (3.42)
∂µT
µν = Jµ(F
(1)
ext)
µν
, ∂µJ
µ = 0 . (3.43)
This result is the (2+1)-dimensional version of Ref. [13].
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3.2 Small Velocity and Constant Magnetic Field Limit
In Ref. [22], the authors studied a dyonic black brane with small velocity and constant
magnetic field. It is possible to cover this limit using our result. In order to get their result,
we take (F
(1)
ext)µν = 0,
~β = 0 and constant H . From the energy-momentum conservation
equation, Eq. (3.37), we get the current Ji =
1
H
ǫji∂iM . We already have the current
expression, Eq. (3.33). In this case, the current becomes
Ji = − 1
3r+
(
1 +
2r3+
M
)
(∂iQ− ǫij∂jH)
+
1
3M
(Qδij −Hǫij)Dj. (3.44)
Subtracting the currents, one can find Di, which is just Tvi:
Di = Tvi =
3M
Q2 +H2
[
Q
H
ǫij∂jM − ∂iM + 1
3r+
(
1 +
2r3+
M
)
(Q∂iQ+Hǫij∂jQ)
]
. (3.45)
This is consistent with the result in Ref. [22].
4 Fluid dynamics for composite particles
In this section, we present the transport coefficients of the fluid dynamics corresponding to
the dyonic black brane. In what follows we assign the filling fraction as the ratio of the
charge density to the external field as in Ref. [6]. Such an identification of the magnetic
field shows how the coefficients depend on the filling fraction. In addition, we provide an
example dual to a special solution of the bulk equation in which the boundary current is
proportional to the Poincare dual of the external field.
4.1 Magnetohydrodynmics Corresponding to a Dyonic Black Brane
Now, we are ready to get the magnetohydrodynamics from Eqs. (3.32), (3.33) and (3.37).
The conventional forms of the current and the energy-momentum tensor do not contain
uσ∂σuν, so we have to substitute for it. Using the conservation equation for the energy-
momentum tensor in Eq. (3.37), one can replace it with derivatives of macroscopic thermo-
dynamics functions such as ∂µµ, ∂µT , and so on. Taking the Landau frame with C3 = 0
and Dµ = 0, the boundary current and the energy-momentum tensor are as follows.
Tµν = M(ηµν + 3uµuν)− 2r2+σµν , (4.46)
Jµ = Quµ +
(
Σ1P
µν − Σ2uλǫλµν
)
∂ν
(µ
T
)
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+
(
Σ3P
µν − Σ4uλǫλµν
)
∂ν
(m
T
)
(4.47)
+
(
Σ5P
µν − Σ6uλǫλµν
)
uσδFσν , (4.48)
where the energy density M is given by r3+ +
Q2+H2
4r+
. In addition, µ = Q
r+
and m = H
r+
are
the chemical potential and a quantity proportional to the magnetization, respectively. The
temperature T and the outer horizon r+ are given by
T =
12r2+ − µ2 −m2
16πr+
,
r+ =
4πT +
√
(4πT )2 + 3(µ2 +m2)
6
. (4.49)
The transport coefficients are presented in Appendix A.3. The magnetohydrodynamics
equations are as follows:
∂µT
µν = Jµ(Fext)
µν , ∂µJ
µ = 0, (4.50)
where (Fext)µν = −Hǫµνλuλ + δFµν = −H¯ǫµνλu¯λ, the constant external field.
4.2 Composite-particle System
Because we are interested in a fluid that consists of the composite particles, we may employ
the identification of the magnetic field, H¯ = Q¯/ν˜, in Ref. [6] and look at the effect in the
formulation. As we mentioned, ν˜ is the filling fraction related to a Chern-Simons level in
dual field theory. Keeping ν˜ constant, one can follow the method used in the fluid/gravity
approach. The result is easily obtained by substituting Q(x)/ν˜ for H(x) in the previous
subsection. Under this substitution, the right hand side of Eq.(4.50) shows an interesting
feature:
Jµ(Fext)
µν = (J (0))µ(F
(1)
ext)
µν
+ (J (1))µ(F
(0)
ext)
µν
= QuµδF
µν − (J (1))µ 1
ν˜
Quλǫ
λµν
= Quµ
(
δF µν +
1
ν˜
ǫλµν(J (1))λ
)
. (4.51)
Thus, the effective hydrodynamics equation becomes
∂µT
µν = Jµ(Feff)
µν , ∂µJ
µ = 0, (4.52)
where (Feff)µν is given by δFµν +
1
ν˜
ǫµνλ(J
(1))λ, which plays the role of a first-order external
field. The expressions for the current and the energy-momentum tensor can be rearranged
as follows [38]:
Jµ = (Q+ C3)u
µ − σ2TP µν∂ν µ
T
+
1
1 + 1/ν˜2
σ2uν(Feff)
νµ
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−1
ν˜
1
1 + 1/ν˜2
uλǫ
λµνuσ(Feff)σν +
Q
3M
D
µ,
Tµν = M(ηµν + 3uµuν)− 2r2+σµν + Dµuν + Dνuµ, (4.53)
where the conductivity σ2 is given by
σ2 =
(
12r4+ − (1 + 1/ν˜2)Q2
3(4r4+ + (1 + 1/ν˜
2)Q2)
)2
. (4.54)
Replacing Q with Q/
√
1 + 1/ν˜2, this quantity becomes the conductivity for the pure electric
case in Eq. (3.41). One can see that, in this composite-particle picture, the magnetohydro-
dynamics with a strong (zeroth order) magnetic field can be changed into the fluid dynamics
with a weak (first order) magnetic field as Section III. 1, except for the Hall current part. In
addition, one can write down the current with δF µν instead of (Feff)µν in the Landau frame
as follows.
Tµν = M(ηµν + 3uµuν)− 2r2+σµν , (4.55)
Jµ = Quµ + (ΣaP
µν − Σbuλǫλµν)∂ν µ
T
+(ΣcP
µν − Σduλǫλµν)uσδFσν , (4.56)
The transport coefficients are given in Appendix A.3. The above current form is a special
case of the more general consideration in Ref. [27]. One can compare it to this expression.
4.3 Example with Vanishing (Feff)µν
Now, we consider a special case where the effective external field vanishes. This situation
is simply realized when δFµν = − 1ν˜ ǫλµν(J (1))λ. Incorporating this with H = Q/ν˜, one can
write a relation between the external field and the current as follows:
Jµ =
ν˜
2
ǫµνλ(Fext)νλ . (4.57)
It is well known that this condition is the equation of motion of a Chern-Simons theory
whose action is Seff ∼
∫
d3x (ν˜Aext ∧ dAext + Jµ(Aext)µ + · · · ). Plugging Eq. (4.57) into
Eq. (4.53), the current and the momentum become
Jµ = Quµ +
ν˜
2
ǫµνλδFνλ, (4.58)
Tµν =M(ηµν + 3uµuν)− 2r2+σµν +Dµuν +Dνuµ, (4.59)
where M and Dµ are given by
M = r3+ +
(
1 +
1
ν˜2
)
Q2
4r+
, (4.60)
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Dµ = (12r
4
+ − (1 + 1/ν˜2)Q2)3
192Qπr4+(4r
4
+ + (1 + 1/ν˜
2)Q2)
P µν∂ν
µ
T
−3ν˜(4r
4
+ + (1 + 1/ν˜
2)Q2)
4r+Q
uνǫ
µνλuσδFσλ.
(4.61)
The spatial part of the current in Ref. (4.58) gives the exact Hall conductivity σxy = ν˜, and
the temporal component gives the charge density corrected by the Chern-Simons constraint
as follows:
J0 = Qu0 + ν˜δF12 = ν˜H¯u
0 . (4.62)
The energy-momentum tensor provides a non-vanishing T0i component. One can see that the
second term of Dµ plays the role of the Hall momentum. Also, the magnetohydrodynamics
equation, Eq. (3.37), is changed as follows.
∂µJ
µ = 0 , ∂µT
µν = 0 . (4.63)
As we intended, the energy momentum tensor is divergence free. This reminds us of
the well-known fact discussed in the introduction. One advantage of the composite-fermion
paradigm is that one can transform the electron system with an external magnetic field into
a composite-particle system without external magnetic field or with a small magnetic field.
Such a transformation can be described by a Chern-Simons theory with an external field.
Since we are dealing with the same situation descried by Eq. (4.57),we can conclude that
our result is a holographic version for the transformation [4].
5 Discussion
In this paper, we have investigated a strongly-coupled field-theory system in an external
magnetic field. Using the holographic approach, this system is realized by using dyonic
black branes. The electric and the magnetic charges of the dyonic branes correspond to the
charge density and the external field in dual-field theory, respectively. Because we consider
a (3+1)-dimensional AdS spacetime, the dual system is (2+1)-dimensional, and this bulk
solution could be dual to a quantum Hall system.
The important property and the interesting phenomena of the quantum Hall system are
captured by transport coefficients, which can be measured in laboratories. This measure-
ment is nicely encoded in the hydrodynamics, a purely-phenomenological effective model.
In addition, it is well known that the hydrodynamics for a Super Yang-Mills fluid can be
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derived from the long-wavelength limit of fluctuating black holes [7]. This is one of the suc-
cessful result in AdS/CFT. We have followed the method and derived the hydrodynamics
for the dyonic black brane.
In the fluid/gravity correspondence approach, the magnetohydrodynamics type equation
was studied for the first time in Ref. [13]. The authors considered a Reissner-Nordstrom
black brane in (4+1)-dimensional AdS spacetime. They started with a boundary condition
on the bulk gauge field, (Aext)µ = limr→∞Aµ(r), which has no contribution to the zeroth-
order solution.
A boundary coordinate dependence in the external field like (Aext)µ(x) makes a correction
to the hydrodynamics equation. Finally one can obtain the magnetohydrodynamics. The
external field, however, is given by (Fext)µν = ∂µ(Aext)ν − ∂ν(Aext)µ, and this field strength
is first order in the derivative expansion, i.e., the weak-external-field limit. Thus, our work
is devoted to introducing the zeroth-order or strong external field. In order to realize such a
configuration, we chose the field strength in Eq. (2.8). For the constant H¯ and u¯µ, it is easy
to find a corresponding gauge potential. While one takes them as functions of the boundary
coordinates xµ, the existence of a gauge potential requires ∂µ(Hu
µ) = 0 in the first order. As
we pointed out in the introduction and Section III, this has nothing to do with a dynamical
current. It is just part of the trivial equation dFext = 0, and it is consistent with one of the
equations of motion Eq. (3.24), so we do not need further constraint.
In order to check our result with other works, we discussed some examples. Our first
example were a pure electric black brane without a magnetic field. It was presented in the
subsection III. 1. This first order RN black brane solution is dual to a fluid with a conserved
current. We obtained the electric conductivity in the (2+1)-dimensional system. This is the
(2+1)-dimensional version of Ref. [13]. Also, the second example is the energy momentum
tensor in Ref. [22]. In their paper, they considered a configuration where the fluid velocity
vanished and the zeroth-order external field H was constant. Our result reproduced their
first order result.
In this work, we tried to relate the composite fermion or particle system to the dyonic
black brane by using the fluid/gravity approach. This duality was conjectured in Ref. [6],
where the authors considered a magnetic field, Q/ν˜. In our consideration, we obtained
the magnetohydrodynamics equation, Eq. (4.52), with the effective external field (Feff)
µν =
δF µν+ 1
ν˜
ǫµνλ(J (1))λ, where (J
(1))λ is the first-order part of the current. The current and the
energy-momentum tensor are given in Eq. (4.53). The expression shows that the current is
very similar to the pure black-brane electric case except for the Hall current in the Landau
frame. Also, the electric conductivity has the same structure, with different electric charge
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Qeff =
√
1 + 1/ν˜2Q.
To see the simplest case, we investigated the situation where Feff vanished. Such a
condition is equivalent to Eq. (4.57), which has the same form as the equation of motion
for a Chern-Simons theory with the filling fraction ν˜. By construction, this describes a
quantum Hall fluid exactly, and the Hall conductivity ν˜ can be read from Eq. (4.58). In
addition, we have observed that there exists a Hall-current-type momentum flow in the
energy-momentum tensor, Eq. (4.59). In this example, we would like to point out that the
hydrodynamics equation is a magnetohydrodynamics-type equation like ∂µT
µν = Jµ(Fext)
µν
in general; however the RHS vanishes when the fluid satisfies the equation of motion in
Eq. (4.57) for the Chern-Simons theory. This is the same situation that appears in the
quantum Hall system. To understand this special situation, one needs reminding that the
composite fermions are bound states of a charged fermion and magnetic fluxes. Using this
quasi-particle as the basic degrees of freedom, the external magnetic field can be effectively
canceled by the fluxes with some fixed filling fraction. This means that an electron system
in strong magnetic field can be described by a composite-fermion system without a magnetic
field. We realized this cancelation holographically by showing that the final hydrodynamics
equations were the conservation equation without an external field, i.e., ∂µT
µν = 0.
As future directions, it could be valuable to study the interesting duality transformation
among the transport coefficients in Ref. [6], but we did not include it at this moment. In
order to consider the duality, one has to include an axion term
∫
θF ∧ F in our action
Ref. [6] and it produces an important change in the fluid/gravity correspondence approach.
In addition, another interesting problem is the role of
∫ R∧R in the magnetohydrodynamics.
In the boundary field theory, this is related to the Hall viscosity and the angular momentum
density, which are another important topics in hydrodynamics [39, 40].
A Appendix
A.1 Solving equations of motion
A.1.1 First-order source terms
In order to find the first order solution, we need to obtain the first-order source terms.
We follow the clever way suggested in Ref. [7]. Using the field strength and the metric in
Eq. (2.9), we can calculate the first-order source terms. Because there is a plane symmetry
in the boundary, an efficient way for this calculation is to take a special position in the
plane. The most convenient choice is the origin, which does not cause any loss in generality.
In addition, we may take an appropriate frame where βi(0) = 0 [41]; then, the calculation
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in this frame becomes much simpler. Taking a derivative expansion of Eq. (2.9) and putting
it into WIJ and WI , one can calculate the source terms from the scalar and the tensor parts
of Einstein’s equations as follows.
S(1)rr = 0, (A.64)
S(1)rv =
HǫijQ∂iβj
2r5
− Hǫ
ijδFij
4r4
+
∂iβi
r
, (A.65)
S(1)vv = r∂vf(r) +
HǫijδFijf(r)
4r2
− (r
2f(r))
′
∂iβi
2
− Hǫ
ijQ∂iβjf(r)
2r3
, (A.66)
S
(1)
ij =
{
HǫklδFkl
4r2
− QHǫ
kl∂kβl
2r3
+ r∂iβi
}
δij + r(∂iβj + ∂jβi), (A.67)
Also, the source terms for the vector parts of Einstein’s equations and Maxwell’s equations
are given by
S
(1)
vi =
4r4 + 2rM +Q2 −H2
4r3
∂vβi − Hǫij∂jQ +HǫijQ∂vβj − r∂iM +H∂iH
2r3
(A.68)
+
HǫijδFvj − δFviQ
2r2
,
S
(1)
ri = −
∂vβ
i
r
, (A.69)
S
(1)
i = −
∂iQ− ǫij∂jH +Q∂vβi −Hǫij∂vβj
r2
. (A.70)
In addition, the other scalar parts of Maxwell’s equations are given as follows.
S(1)r = −
Hǫij∂iβj
r4
, (A.71)
S(1)v =
∂vQ+Q∂iβi
r2
+
Hǫij∂iβjf(r)
r2
. (A.72)
A.1.2 General correction terms
Putting Eq. (2.13) into WIJ and WI , we can evaluate C
(n)
IJ and C
(n)
I , which are given by
C(n)vv = f(r)
{
−
(
6r2 +
H2
r2
)
h(n)(r)− r2 (r2f(r))′ h(n)′(r)− rk(n)′′(r)
2
+
Q
2
a(n)v
′
(r)
}
,
(A.73)
C(n)vr =
(
6 +
H2
r4
)
h(n)(r) +
(
r2f(r)
)′
h(n)
′
(r) +
k(n)
′′
(r)
2r
− Q
2r2
a(n)v
′
(r), (A.74)
C(n)rr =
1
r4
{
r4h(n)
′
(r)
}′
, (A.75)
C
(n)
vi =
H
2r2
(Hδij +Qǫij) j
(n)
j (r)− f(r)
{
1
2
(
r4j
(n)
i
′
(r)
)′
− Q
2
a
(n)
i
′
(r)
}
, (A.76)
C
(n)
ri =
1
2r2
(
r4j
(n)
i
′
(r)
)′
− Qδij +Hǫij
2r2
a
(n)
j
′
(r), (A.77)
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C
(n)
ij = −
{
r4f(r)α
(n)
ij
′
(r)
}′
2
+δij


(
6r2 − H
2
r2
)
h(n)(r) +
(
r8f(r)h(n)
′
(r)
)′
2r4
+ k(n)
′
(r) +
Q
2
a(n)v
′
(r)

 , (A.78)
and
C(n)v = f(r)
{
r2a(n)v
′
(r) + 2Qh(n)(r)
}′
, (A.79)
C(n)r = −
1
r2
{
r2a(n)v
′
(r) + 2Qh(n)(r)
}′
, (A.80)
C
(n)
i =
{
r2f(r)a
(n)
i
′
(r)− (Qδij −Hǫij) j(n)j (r)
}′
, (A.81)
where we have taken l = 1.
A.1.3 First-order solutions
Given the source terms in Appedix A.1.1, one can find the correction terms in Eq. (2.13) in
the metric and the gauge field by simple integrations. The scalar and the tensor parts are
related to the source terms S
(1)
rr , S
(1)
r , δijS
(1)
ij and S
(1)
ij − 12δijS(1)kk . For these combinations,
we obtained
h(1)(r) = C1 +
C2
r3
, (A.82)
a(1)v (r) =
H
2r2
ǫij∂iβj + C2
Q
2r4
+
C3
r
+ C4, (A.83)
k(1)(r) = − 1
4r
HǫijδFij + r
2∂iβi,
− C1(2r3 + H
2
r
) + C2(−Q
2
4r4
+
M
2r3
− H
2
4r4
)− C3Q
2r
+ C5, (A.84)
α
(1)
ij (r) ≡ α(r)
(
∂iβj + ∂jβi − δij(∂kβk
)
, (A.85)
where α(r) and its asymptotic behavior are given by
α(r) = −
∫ r
∞
(
y2 − r2+
y4f(y)
)
dy =
1
r
− r
2
+
3r3
+
M
4r4
− Q
2 +H2
20r5
+O
(
1
r6
)
. (A.86)
In the above result, we have many integration constants. Because the first integration con-
stant C1 will give a non-normalizable mode, this should vanish. For C2, one can always set
this to zero by using a coordinate transformation of r. C4 can be taken as zero because this
is pure gauge. A non-vanishing C5 means a non-vanishing trace of the energy-momentum
tensor; this must vanish because of the conformal symmetry. Thus, the only remaining
constant is C3.
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Considering the vector part equations Wri and Wi, we got a second-order differential
equation as follows:
r2f(r)
(
r2j
(1)
i (r)
)′′
− r2j(1)i (r)
(
r2f(r)
)′′
=
1
r2
ζi(r) , (A.87)
where ζi(r) is given by
ζi(r) = 2r
4f(r)S
(1)
ri (r)− (H2 +Q2)j(1)i (r+) + (Qδij +Hǫij)
∫ r
r+
dxS
(1)
j (r)
= −2r3f(r)∂vβi − (H2 +Q2)j(1)i (r+)
+(
1
r
− 1
r+
)(Qδij +Hǫij) {∂jQ− ǫjk∂kH +Q∂vβj −Hǫjk∂vβk} . (A.88)
The general solution is
j
(1)
i (r) = D1if(r) + f(r)
∫ r
r1
dx
1
x4f(x)2
{∫ x
r0
dy
ζi(y)
y2
+ D2i
}
. (A.89)
The r =∞ boundary condition gives D1i = 0 and r1 =∞: then, the solution becomes
j
(1)
i (r) = f(r)
∫ r
∞
dx
1
x4f(x)2
{∆i(x) + Di} , (A.90)
where ∆i(r) has a slightly complicated form:
∆i(r) = −r2∂vβi + 1
r
(H2 +Q2)j
(1)
i (r+)
+
1
r
[
1
r+
(Qδij +Hǫij)(∂jQ− ǫjk∂kH) + 2(M − 2r3+)∂vβi
]
− 1
2r2
[
(Qδij +Hǫij)(∂jQ− ǫjk∂kH) + (H2 +Q2)∂vβi
]
. (A.91)
When we compute the boundary tensors, i.e., the energy-momentum tensor and the current,
those are given by the asymptotic forms of the metric and the Maxwell field. Thus, one has
to look at the asymptotic form of j
(1)
i , which is as follows
j
(1)
i (r) =
∂vβi
r
− Di
3r3
− (H
2 +Q2)
4r2
j
(1)
i (r+) (A.92)
− 1
4r2r+
(Qδij +Hǫij)(∂jQ− ǫjk∂kH +Q∂vβj −Hǫjk∂vβk) +O
(
1
r5
)
.
From the integration of the Wi source term, we have the gauge field
a
(1)
i (r) = (Qδij −Hǫij)
∫ r
∞
dx
j
(1)
j (x)− j(1)j (r+)
x2f(x)
+
∫ r
∞
dy
y2f(y)
∫ y
r+
dxS
(1)
i (x), (A.93)
20
where S
(1)
i = −∂iQ−ǫij∂jH+Q∂vβi−Hǫij∂vβjr2 and we have taken the boundary condition a(1)µ (r =
∞) = 0. The asymptotic form of the gauge field near the boundary is
a
(1)
i (r) =
1
r
[
(Qδij −Hǫij)j(1)j (r+) +
1
r+
(∂iQ− ǫij∂jH +Q∂vβi −Hǫij∂vβj)
]
+O
(
1
r2
)
.
(A.94)
Using the asymptotic expressions, we can read the boundary tensors Jµ and T µν , which are
defined in the section A.2.
In order to find j
(1)
i (r+), we should consider regularity conditions for the metric. The
metric should be smooth at the horizon, so Di can be determined by using
Di = −3Mj(1)i (r+) +
ni
r2+
+ 3∂vβir
2
+ , (A.95)
where ni is
ni = −1
2
(Qδij +Hǫij) {∂jQ− ǫjk∂kH} − H
2 +Q2
4
∂vβi . (A.96)
One can check that the metric is smooth at the horizon by using this Di. Thus, j
(1)
i (r+) can
be expressed in terms of Di:
j
(1)
i (r+) =
ni
3Mr2+
+
r2+
M
∂vβi − Di
3M
. (A.97)
A.2 Boundary stress energy tensor and current
In this section, we briefly describe the prescription for the boundary stress-energy tensor
and current. We take the prescription from Refs. [28–31]. Our metric can be expressed in
the following form under the Arnowitt-Deser-Misnet(ADM) decomposition:
ds2 = γµν(dx
µ + V µdr)(dxν + V νdr) +N2dr2 . (A.98)
Using this expression, one can obtain the stress energy tensor by varying the on-shell action
with respect to the induced metric. The resulting boundary stress-energy tensor is given by
Tµν ≡ lim
r→∞
r
−2√−γ
δScl
δγµν
= lim
r→∞
r[−2(Θµν −Θγµν + 2
l
γµν − lGµν)] , (A.99)
where the last two terms came from the counter term in Eq.(2.2) and Scl is the on-shell
action. Here, the extrinsic curvature Θµν is
Θµν =
1
2N
[∂rγµν −DµVν −DνVµ] . (A.100)
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In addition, the boundary current can be obtained by varying the action with respect to
the gauge field as follows:
Jµ = lim
r→∞
r3
−1√−γ
δScl
δA˜µ
= lim
r→∞
r3NF rµ (A.101)
= lim
r→∞
r3
1
N
[γµλ(A′λ − ∂λAr)− V λγµσ(∂λAσ − ∂σAλ)],
where A˜µ is the gauge field projected to the boundary.
A.3 Transport coefficients
The coefficients in Eq.(4.48) are given by
Σ1 = Σ
−1
0 [(1 + σG)σA − σHσB] ,
Σ2 = Σ
−1
0 [(1 + σG)σB + σHσA] ,
Σ3 = Σ
−1
0 [(1 + σG)σC − σHσD] ,
Σ4 = Σ
−1
0 [(1 + σG)σD + σHσC ] ,
Σ5 = Σ
−1
0 [(1 + σG)(1 + σE)− σHσF ] ,
Σ6 = Σ
−1
0 [(1 + σG)σF + σH(1 + σE)] , (A.102)
where Σ0 = (1 + σG)
2 + σ2H and
σA = +
Q
3r+
(
1 +
2r3+
M
)(
µ
T
σ0 − T
µ
)
, σE = − 2Q
2
9Mr+
(
1 +
2r3+
M
)
,
σB = − H
3r+
(
1 +
2r3+
M
)
µ
T
σ0, σF = +
2HQ
9Mr+
(
1 +
2r3+
M
)
,
σC = +
Q
3r+
(
1 +
2r3+
M
)
m
T
σ0, σG = − 2H
2
9Mr+
(
1 +
2r3+
M
)
,
σD = +
H
3r+
(
1 +
2r3+
M
)(
m
T
σ0 − T
m
)
, σH = +
2HQ
9Mr+
(
1 +
2r3+
M
)
, (A.103)
as well as
σ0 =
2T 2(36r4+ +H
2 +Q2)r2+
2(4r4+ +H
2 +Q2)(12r4+ +H
2 +Q2)
. (A.104)
Also, the coefficients in Eq.(4.56) are obtained through
Σa = Σ1 + Σ3/ν˜, Σc = Σ5,
Σb = Σ2 + Σ4/ν˜, Σd = Σ6, (A.105)
where we also have used identification H ≡ Q/ν˜.
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